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CHAPTER(2)
Equilibrium of a Particle
In this chapter the methots of resclving a force into components and expressing a force as a
Cartesian vector will be used to solve problems involving the equilibrium of a particle. Recall
that the dimensions or size of a particle are assunied to be neglected, and thuretore a particle
can be subjected only 1o a system of concurrent forces. . To simplify the discussion, the
equilibrium of a particle subjected to a copianar force system will be considered first. Then,
in the last part of the chapter, equilibrium prohlems mvolvm&, three-dimensional force
systems will be COIl.;ldEl‘Ld . :

2.1 Condition for the Equllrbuum ol'n Pavticle

A particie is in equilibrium provrded it isat rest if orrg,xnally at rest, or has a.constarit velocity.
if originally in motion. Most often, however, the term Lqmlrbrrum or morc specifically
"static equilibrium" is used to describe an object at rest. To maintain a stale. of equilibrium, it -
is necessary to satisfy Newton's first.law of motion, whizh states that if the’ wszz/lan{jwce
acting on a particle is zero, thcn the particle is in equlllhrrum 'lhrs condition may be ,mlcd
‘mathematically as . : . .

ZF =0 . 2D
where ZF is the vector sum of all Ihe farces actmg on the pamclc

Not only 1s Eq. 2- la necessary condltron for equllrbrrum but it is also a sufficient condrtlon
This follows from Newton's second law of motion, which can be wriften as ZF wmaL-

. Since the-force systein satisfies Eq. 2-1; then nig =- 0 and therefore the particle's qcceleratl.on,
~a=0,and consequently the partlcle indeed moves with constant velocity or remains at rest.

2.2 The Free~Body Dmgram _

To correctly apply the gquation of equrlrhrrum it'is necessary to account for al/ the l\nown =
~ and unknown. forces (. ZF ) which act on the particle. The best way to do this i is to draw the— A

»pamcles free«body diagram. This diagram is a sketch of the partlcle which represenfs it-as -

being isolated or "free" from its surroundings. On this sketch one then' shows all the forces
. which the surroundmgs exert on the particle. Provrded this dlagram Is corr ectly drawn It wrll
 then be easy to apply Eq. 2-1. :
Before prescntmg a formal procedure as to how to draw’a frec body dragrarn we will ﬂrst, -
discuss two types ofsupports of‘ten encounlered in partlcle equrllbnum problems

C'\hles angd Pulleys : . o
All cables are assumed to have negllgrble welght and they cannot be stretched A. c’rble can-

support only a tension or “pulling" force, and this force always acts in ‘the direction of the

cable. Later it will be shown that the ténsion force developed i in a continuous cable which
passes over a frictionless pulley must have a constan! magnitude to keep the cable in
equilibrium, . Hence, for any angle 6, shown in Fig. 2-1; the cable is subjected to a const"mt;
" tension 1 mroug,hout its length C -
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Fig 2-1

Springs O ' ;

If a bnear-elastic spring is u';ed for a- support, the length of the spring will change in duec

proportion to the force actmo on it. A characteristic that defines the "elasticity" of a spring is

the spring constant or snf*}mss k. Specxﬁc-ally, the magnitude of force develuped by a linear
- elastic spring which has a stiffness &, and'is dufmmed (compressed or elongated) a distance
i ( neasured f om 1ts unloaded position, is :

F=ks (@2 |
Note that s is determmed from the dlfferem:n, m the spring's detormed Leng,th land its
“undeformed lengtll ie, s=l -1 - ,

PROCEDURE FOR DRAWING A FREE BODY DIAGRAM

To construct a free- body diagram, the following three. steps are uecesaary ‘ :
' Step"I Imagine tlle particle. to be mola/ed or cut- "fru:" from its surroundzm_.,s Drdw or sLetch
its outlined shape.- = - - :.-
Step 2. Indicate on this sketch all the fbrces that act” on’ fhe ‘particle, These - fon,es can be
~aciive forces, Whluh tend to set the parficle in’ motion, such as thoge caused by attached
cables, weight, or magnetic and electrostatic mtexactnon Aus0, reactive forces will occur,
. such as those caused by the cohstraints or supports that tend'to prevent motion. Ta-¢ account
for all these farces, it may help to trace around the pamcle 5 boundaly, careﬁlily noting each -
- force acting on it.
' _Step 3. The. forces that are lmawn should be labcled w;th their~ propcr magnitudes 'md
- directions. Letters are nsed to represent the mas__,mtudes and directions . of fOI'CLS ‘that are
~unknown. In pamcular if a force has a krown line of action but unknown magmtude “the
"arrowhead," which defines the sense of the force, can be assumed. The correct sense will
become apparent after solving for the unknown magnitude. By definition, the naeninnde ofav :
- force is always positive so that, if the solution. yxelds a "negative" scalar, the winits sign

indicares that the arrowhead or, sense of th(. fo1ce 1s opposxtt to that WhICh was, 011umaii
assumed: : S T :
Example 2—1 : . o : _ o
. The crate in Fig. 2-2a has a weight of 20 Ib. Draw a free-body diagram of the cord #/! and
- theringatB. o ' S n : - -

i




SOLUTION

g Force of ring on cord FA Force o €-°Y"A BA on MY
B v Fe Foree of
; [ zord HC on ring
F, Force of cord BD on ring
] :
N 4 o ©
.20 b Force of crateon cord -
Fig2-2 ~1b) '

»

- Exaumple 22

The sphere in Fig. 2-3a has a mass of 6 kg and is supported as shown.- Draw a free-body”
diagram of the knot at €. ~ ‘
. --”-us u.n.i-.:l'... '

T.Iiaru_'ut and BA o lomet at ¢ :

P F Foe q gphumg v fenest o

- gg.y N foree of cerd 6 o ® S

P

SOLUTION - | S \ . ,
By inspection three forces act on C; they. are caused by cords CBA and CE, and the spring
CD. Note that the weight of the sphere, H" . (6'kg) (5.81 m/s?) = 58.9'N, is "transmitted" to
point C by the supporting cord CE. That is, C is subjected to'the force of the cable CE; itis
not subjected directly to the weight of the sphere. Thus, the free-body diagram of the knot at

C is shown in Fig.2-3b. , ‘ ' -
2.8 Coplanar Force Systems

Many particigéquilibriuqivproblems involve a cdp]anar force syétem.v If the forces lie in the x-

plane, they can each'be resolved into their respective i and j components and Eq. 2-1 can be
written as : ' ' ' B

LFD
SRty 0

For this vector equation to be satisfied, both .the x and’ y components must’ equal zero,
otherwise ZF # 0. Hence, we require ' o -

ZF =0 A

Z F,=0 | ) (2-3) A
These scalar equilibrium equations state that the algebraic sum of the x and y components of
all the forces acting on the particle be equal to zero. As a result, gy 2-3 can be solved for at
most two unknowns, generally represented as angles and magnitudes of forces shown on the
particle's free-body diagram. ' - '
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~ Since ‘each of the two equilibrium equations requires the resolution of vector components -
along a specified.axis v ory), we will use scalar notation to represent the:components wher
applying thesc equations "By doing this, the sense of direction for each component i’
accounted for vy an algebraic sign which corresponds to' the arrowhead direction of the
component -as ndicated graphically on the free-body diagram, In particular, if a force
component has an unknown miagnitude, then the arrowhead sense of the force on the frec.
body diagram can be assumed. Since the magnitude of a force s always pusitive, then if the
solution-yields 4 negative. sealar, it indicates that the sense of the force shown on the frée-
body diagiam is opposite 1o that which was assumed. ‘ o
These scalar equilibrium equations Stafe that the algebreic sum of the x and y components vf
“all the forces acting on ke particle be eqiial fo zéro. As a result, Eqs. 2-3 can be solved for'at
most two unknowns, generally represented as angles and magnitudes of forces shown on the
~ particle's free-boc'y diagram. S , o . :
PROCEDURE FOR ANALYSIS . C : o
- The following procedure provides a method for solving coplanar force' problems involving
 particle equilibrium:, : ' o R ) ‘
Free-Bady Dingran.. Draw a free-body diagram of the particle This requires that all tie
known and-unknown force magnjtudes and angles be labeled on the diagram, The sense of a
force having an unknown maggitude can be assumed - '
- Equations of Equilibriuny. Establish the x, y axes in any suitable direction and apply the two
equations ofequilibriumZFx .=0and ZF), 0. For application, components are positive -

it -they. are directed along the positive axes, and-negative if they .are “directed along the

negative axes. If more than two unknowns exist and the problem iavolves a spring, apply #

kv (Eq 2-2) to relate the spring force to the déformation s of the spring
l;lj\?:nnpch—S ' '

Determine the tension in cables .4/ and AD for equilibrium of the:250-kg engine shown in
Fig 2-4a. ‘ B - : ' '

'

- g.4se kA (.Fokcé o} \’vnﬂ A a_d’t-nﬂ o
: . T eable )

c

‘ 2462 kad C\%m‘z_’ of W squt
Flg24( ) adking ontble)

SOLUTION = :

Free-Body Diazram. To solve this problem we will investigate the equiiibrium of the ring at

A. because this "particle” is subjected to the forces ot both cables 48 and AD.

Equations of Equitibrium The two unknown magnitudes Ty and To can be obtained from the
- . T 1 : A L.

two scalar equations of ecilibrium, ZF v Oand Lj'y = 0. To apply these equations; the

-7 axes are established o.. the free-body diagram and Ty is resolved into its dashed x and y
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) componen‘ts
Thus,
“"JT'—)ZF‘X = 0 N TB C()S30° "‘" TD - (1)
+1 3 F, =0, Tysin30° ~2.452kN =0 (2)

Solving Eq.(2) for Ts

Tp = 4.91kN p = 452k
2.452 knl [ Force. dif-‘d’"— ﬂﬁ*"‘*ﬂm
W spreades bam )

| . 5 .
: \’>Equllibn'um ‘ . ::|/§ ‘ 1
" e . Aol
QqqzdewW&ﬁmxb : , M& ‘

)

Example 2-4 2-4
‘Determme the reqmred length of cord AC in Flg 2-5a 50 that the 8 kg lamp is suspended in |
the posmon shown. The, m;dL formed: 1ength of the sprlng AB is [ AB =0, 4m, and the sprmg ‘

has a stiffness of kyp = JOON/m

| e N
B “ .

F,,V'.A o

4Y

o , W 38.5N
@ R

Fig 2-5
SOLUTION : :
'F the force'in sprmg SPAT known the thetch of the spring can be found (F = ks)
Using the problem geometry, it is then possnble to caleulate the requised length of AC.
Free-Body Diagram. The lamp has a wexght = 8(9.81) = 78,5 N The free-body: dlagrdm of
the.ring at A is shown in Fig- 2-5b.
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' Equauons of Equnl:bnum Using the A. v axes,

MY FE, =0, T,0sin30°-78.5N =0
Solving we obtain, , ‘
T4e =157.0N

T,p=136.0N
The stretch of sprin.; A7 is therefore

. ’TAB‘::kAB'S:»AB; 136.0N:3QON/lll(x5'AB).

50 fhe stretched length is

Lap=lyp +54p
l4p —-O4m+0453m 0 853m

The honzontal distance from C to B, uqulrcd '

2m= = IAC_co_s30° +0.853 m

lLic=132m -

'P: oblems

4 2 1. Delermme the maumtudes ofF; and F2 so that the pamcle is in equxllbnum .
2}( Determine the magmtude and direction 6 of F| so that the pamcles is in ethbnum L

v
. . _ '5311\! 1
m aatoatinnl . e
- S _4Q= { :
C - 6O N )
. ,, . " ‘ ,l . : [y
Prob 2-1 . - o - Prob 2-2

‘ 2.3. The umlrcldmd length of spring 48 is 2 m. Ifthe block held in the ethbnum posmon '
shown, determine the mass ofthe block at D. .

' 2)(\Detel mine the mass that must be supported at 4 and rhe m”k {} of the connecnnu cord n
urder 16 hold the system in equnllbnum '
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2-5.The 300-N crate is hoisted using the ropes 4A and AC. Each rope can withstand: a
maximum tension of 2500 N before it breaks. If A/ always remains horizontal, determine the
smallest angle 0 to which the crate can be hoisted

2-6. The block has a weigh of 20 N and is being hoisted at umf‘orm velocity. Determme the
angle  for equilibrium and the required forge in each.cord, S '
>&Delermmc the maximum weight # of the block that can " . suspended in the posivtion
shown if each cord can support a maximum tension of R0 N. Also, what i is the angle 0 fox
equilibrium -

Prob2:5 s " Prob2:6/2-7 s

2-8. 1t' the cords xuspend the two buckets in the cqmllbnum posmon shown determine the
wel ht of bucket B. Bucket A has a weight of 60 N, ,

. The cord AB has a length of 5 m and is attached to the end B of the spring havmg a
stiffhess # - 10 N/m. The other end of the spring is attached to a roller C so that the spring
remain$ horizontal as it stretches. If a 10-N weight is suspended from B, determine the
* necessary unstretched length of the spring. so that 8 40° for equilibrium

‘ -t



Prob2-§ : . Prob2-9

£l

2.4 Three-Dimensional Force Systems

~ Fig2-6 =, ’

It was shown in Sec. 2.1 that panicle equilibrium requires : : S

| YF o (2-4)

If.the forces acting on the particle are résolved into their respective i, j, k components. Fig, 2-
6, we can then write . _ , : .. ‘

D WNED W D Fk =0 |
To ensure that Eq. 2-4 is satisfied, we must therefore require that the following three scalar
component equations be satisfied: ‘ S :

TE=0YF,205F=0 s

These equations rei)réseht the algebraic sums of the . Vi z force components, acting on the
particle. Using them 'we can solve for at most three unknowns.gencrally represented as angles
+ or magnitudes of forces shown on the particle's free-body diagiam. o

PROCEDURE FOR ANALYSIS

.The following, procedure provides a method for solving three dimensional force equilibrium:
“problems. - L L . o ’
Free-Body Diagram, Draw a free-body diagram of the particle and label all the known and
unknown forces on this diagram. ' - T ;
Leuations of Equilibrium. Establish the v, Y, ¢ coordinate axes with origin located at the
.particle and apply the equations of equilibrium. Use the threé scalar Eqs; 2-5 in'cases where it
1s easy to resolve each forces acting on theparticle into its X, Y, i_components.

At this appears difficult, first express each-force acting on the particle in Cartesian vector
form, and then substitute these vectors into Eq. 2-4. By setting the respective i, j, k

'
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components equal to zero, the three scalar Eqs. 2-5 cag be benerated If more than three
unknowns exist and the problem involves a spring, consider using /= ks to relate the spnmg>
forcg to the deformation § of the sprmg :

%

l:xa‘mple 2-3

A 90\ load is suspended from the hook shown in Fig.2-7a. The load is supported by two
“cables and a sprmg having a stiffness 4 =500 N/m Determine the force in the cables and the
stretch of the spring for equilibrium. Cable AD lies in the x-y plane and cable AC lies in the x-
- plane 1 .

N on
Fig2-7 @ . (b)-

SOLUTION ' .
The stretch of the sprmg can be determmed ane the force in the sprmg_, s
determined.
‘Free-Body Dlagram The cormectlon at 4 is chosen for the equlhbrrum analy31s since the
cable forces are concurrent at this point. The free-body diagram is shown in Fig.2-7b. ‘
Equations of Equilibrium. By. mspectlon each force can easily be resolved.irto its v, 1.z
" comporients. and therefore the three scalar equations of equilibrium can- ‘be- directly apphed
Considering components directed. along’ the positive axes as "positive," we have

' : - : '

YFEo0 " sin30°- SFe=0 Sy -
ZEV‘-'—‘O . 'FDCOSBO°+FB=O ' ‘ (2)
. | . " 3 e S .

D, -0 -FC 90N =0 3) ,
Solving liq-_‘3 for /. thén L. l-for‘/ .and ﬁmlly Fi.,2 for F.ywe get

Fo o 150N '

’L":. ')40\

Tf 208N

The stretch’ ofthe spring is thexefore
] B —}CS‘_.{B .
208 N - 500 N/ (s 45)



43
I“(xrﬂﬂc 2-0

Determine the force dev loped in each cable used to support the 4=\ crate shown in Fig. 2-

. ¥

Fg

SOLUTION

Free-Body Riagram. As shown in Fig,2-8b, the tree-body diagram of point'A is considered in
arder 1o "expose"” the three unknown forces in the cables and by applying the condmon for

“equilibrium we can obtain their rnagmtudes

Equations of I“q'uhbrxum. First we will express gach force in Cartesian vector form Since the
COO]’dHldtb\ of pomts B and Care B (-~ 0.75 m, -«l m, 2 m, ) dnd CO-0.75m, 1 m, 2m, ), we

‘hl\u

o —orsic1e 2

Fu ;]"B
J-o. 75)% + (-1)? +(2)

=0, 318[«“,3/ -0, 4241},; +0 848FB/L |

=0 -75l+lj'+ 2%

"(v‘ T ]"C
J( 0. 73) () 4 (2)

- -0 3181«(/ + 0, 424@ +0. 848}«C1L
= Fpi
{’—{40/{},\‘

Equilibrium requiré's' :
D0 Fy +p W0 , S
0.3181*51 - 424/Hj+0848FB/C——O318F 1+0424/ j+0&48[( k o+ /DI—4()A :

R 5
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Equating the respective i. j. k components to zero yields

D F 0, 0318Fg—0318F .+ Fpc0 - (1)

Y, 0 -0424F, +0424F, =0 L ®

| ZF;: 0; 0848, +0:848F, ~40 0 3)
- Equation 2 states that [ '-'"-"FC Th’us,‘ sol\}ing Ey. 3 for Fpand Fpand substituting the

result into Eq 1 to obtain /)y, we have

fg=Fe=236N

FpEISON - o : .

Example 2-7 -

The 100-kg box shown in Fig. 2-9(a)-is supported by three cords- one of which is connected

to a spring. Determine the tension in each cord and the stretch of the spring
.. . : . z * .

W= QRIN

(b}

Fig 2-9(a)

_ SOLUTION * | " ~
Free-Body Diagram. The force in each of the cords can be determmed by mvebtxf,atmg the

quunhhrlum of point 4. The tree-body diagram is shown in Fig,. 'Z—% ThL weight of the
’cylmdens W+ 100(9.81) =981 N.- ‘

" Equations of Equ111br1um Each vector on the tree body ‘diagram is ﬁrsl expressed in
| Car_tesmn vector form-fqr .er and noting pomt D(-1m, 2m, 2.m) for Fjy, we have .

Fy=Fyi o |

[ = Fpcos120%i + Fncos135° j + Fnc0s60°k

= = 0.5F00 ~0.707Fpj +0.5Fk

—li+2)+2k

JEn? @+ )

[,[):1.0
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= =0.333090+ 0.007 1),/ + 0.667 Fpk
Woe {~ 981k N | |
k Equilibrium rcqnirc_s
> n Ry +‘FC“+FD+W,::O :
Fyi = 0.5F i ~ 0707 Fonj + 0 SFonk ~ 0.333 i+ 0.657ij' +0.667Fpk ~981k
0 ' S N |
!‘;é;uzﬁx‘ng the respective i, j. k components to zero,
S E =0, Fy - 05803335, =00 Q)
Fo=0 'm.(f).";(_‘)”,7,"?',: + ()‘66‘7]7[‘, 0 (2)

FL=0T 0.5F 470.667'./?D~981=o 3)

Snlvmu B 2 for Fp in terms of /¢ 'md subbtltu*mg info [ig 3 yxelds le B is detelm ned -
from Eq. 2. Finally, substuutmg the results i into Eq. 1 yiglds Fg. Henca
‘ b =813 N '

Fp= 862N

Fiy o 693.7N - -
o The stretch o_f‘t};e spring is therefore
F‘=ks; : : 639;7;1560s
| | §=0462m | o SEE




46

Problems ‘ .
. "5
LX The 23-hz flowerpot is supported at A by the three cords. Determine the force acting in’

- e . B
each cord for equilibrium.

2&‘& each cord can sustain a maximum tension of 50°N before it fuils determine’tne
great

dt weight of the flowerpot the cords can support

Probs 2-10/2-11 . Probs 2-12/2-13

2-12. The lamp has a mass of 15 kg and is supported by a poleAand cables AB and AC. If the
force in the pole acts along its axis, determine the forces in (). AB, and AC for equilibrium,
2-13. Cables AB and AC can sustain a maximum tension of SOON. and the pole can support a -

~ maximum compreSsmn o 3 )()\ Determme the maximum weight of the lam’p that can be :

thae.
Rllp[‘ul‘lu in the position shown. The force in the pole acts along G axis of the pole
2 14 The mast ¢ is sgﬁpported by three cables. If cable AB. is ‘subjecled to a tension of 500 °
N. determine the ten51dn in cables AC and AP and the vemca‘l force FAO whlch the mast

" exerts along its axis at A )

i
WAD. R
] ns at A,

Prob 2-15
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The Sul-N crate 1s suspended from the cable w\\cm shown. Determine the force in
1ch segment of the cable, 1e.. AC. CD. C'#. and « 7 Him: First analyze the equitibrium u?
puint A, then using the result for AC, analyze the. equilibrium of point €

. )( The QSO(-N crumble is wupponed by three cables Detemune the force in each cable for
equilibrium-of the hook at A.
7< Romeo tries to reach Juliet by climbing w1th constant velocity up a ropt. which 1s
* khotted at point 4. Any of the three segments of the rope can sustain a maximum force of 2
LN before it breaks. Determine-if Romeo, who has a mass of 65 kg, can climb ihe rope, and if
so, can he along with kis Juliet, who has a mass of 60 kg, climb down with constant veldcity?

i
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Prob " 1(» Prob ~‘I

% The 3U-ky block is supported by two sprmgs havmg the stxﬁ‘news shown. Deternnm the
unstretched length of each spring after the block is removed..

2-19.The 2.m long cord *AB is attached to a spring BC Having an unstretehed fe ll"lh of 2 m
If the cord sags dowanrd and. amount 8 = 30° as shown dctermme the vertical force /-
-applied. The spring has'a stlffness ofA SON/m

A

e 0,6 11 =St O m -

I T L R TR SO P

. A e B

C 4,
. \\\% '
i,

iy,
by = 1L.5kN/m \

‘AM_MkN/m [
....—__.L" 3

CPreb2-18 . " Prob2-1v





