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CHAPTER(9)
Kinetics of a Particle:

Force and Acceleration

In Chapter 8 we developed the methods needed to formulate the acceleration of a particle in -
terms of its velocity and position. In this chapter we will use these concepts when applying
Newton's second law of motion, F = ma, to study the effects caused by an unbalanced force”
acting on a pamcle Depending upon the geometry of the path, the analysis of problems will
be performed using rectangular, normal and tangential, or cylindrical coordinates. In the last
part of the chapter, Newtous second law of motion w1ll be used to study problems in space

mechanics.
9-1 The Equation of Motion

When more than one force acts on a pamcle the resultant force is determined by a- vector

summation of all the forces; i.e., F R= ZF For this more general case, the equation of

motion may be written as : ‘
ZI* =ma. - ‘ (9-1)

In pamculax note that if Fp= Zf =0, then the acceleration is S also ZEro, so that the

particle will either remain at res/ or move along a straight-line path with constant velocity.
Such are the conditions of sfatic equi/ibrmm Newton's first law of motion. :

9-2 Equntxou of motion (rectangular coordlmte)

When a particle i is moving relative to an inertial ¥, y, z frame of refercnce the forces acting’
on the particle, as well as its acceleration, may be expressed in terms of thelr i Jy K
components Flg 9-1. Applying the. equatlon of motion, we have : R

Sy F=ma

ZF1+ZF‘,J+ZFA nz(ax‘.H-_gzyjirdz-k)
. ‘
/—\\\-—Zvr ' »
/Z,w_,/, «
- Figo-1

For this equation to be satisfied, the respective i, j, and k components on the left side must
- equal the corresponding components on the right sxde Consequently, we may wnte the
- following three scalar equatlon :




it

> F.=ma, | oo
ZF‘ =ma, ‘ (9-2y

Y F, =ma,

In particular, if the particle is consuamed to move in the x-y plane, then only the ﬁrst two of
these equatrom are used to specify the motion.

PROCEDURE FOR ANALYSIS R .

The equations of motjon are used to solve problems which require a relationship between
the forces and the accelerated motion they cause. Whenever they are applied, the unknown
force and acceleration components should be identified and an equivalent. number of
equatlons should be written. If further equations ‘are necessary for the solution, kinematics
may.be considered. Recall that these equations only relate the geometric properties of the
motion, and therefore they become useful if the particle's position or velocity is to be related
fo its acceleration, Whatever the situation, the following procedure provides a general method
for solving problems in kinetics.

Free-Body I)urgr(zm Select the inertial coordinate System. Most often, rectangular X ¥

coordinates are chosen to analyze problems for.which the particle has rectilinear motion, If
this accurs, one of the axes should extend in the direction of motion. Once the coordinates are
established, draw the particle's free-body diagram. Drawing the free-body diagram is very

important since it provides a <rraphrcal representation of all the forces (Z £') which act on
the particle and thereby makes it possible to resolve these forces into their A .Y, Z components.

The direction and sénse of the particle's accelaration a should also be established. If the sense

of its components is unknown, for mathemati¢al convenience assume that they ‘are in the

* same direction as the positive inertial coordinate axes. The acceleration- may be sketched on
the x, y, z coordinate system, bus not on the free-body didgram, or it may be-represented as
the- ma vector on the kinetic diagram.* Once the free—body d1a<rram has. been constructed,
‘identify the unknowns under consideration, ,

Equations of Motion: If the forces can be resolved drrectly from the free- body diagram, ',
apply the equations of motion in their scalar component form. If the geometry of the problem
appears eomplicated, which oﬁen oceurs m three dimensions, Cartesian vector analysis can R
he used for the solution.

‘ Friction If the particle contacts a rouch surface, it. may be necessary to use the f)‘chlOHa/

aquallon which relates the coefficient of l\metrc friction £ to the maﬂmtudes of the -
frrctronal and normal f‘orces Ff and N acting: at the surfaces of contact L6, Ff = py N.
Sprmg If the particle is connected to an elastic sprmg having- neglmble mass, the sprmtr
force F; can be related to the deformation of the spring by the equation /<, = ks. Here kis
" the spring's stiffness measured as a force per, unit length, and s is the stretch or compression
defined as the difference between the deformed lenOth [ and the- undeformed lengthl,.

Le, S—l—/

Kinematics. As stated above if ‘a complete solution cannot be obtamed strictly fromn the
equation of motion, the equations of kinematics may be considered. For example, if the
velocity or position of the particle is to be found, it .will be necessary to apply the proper
kmematrc equations once the particle's acceleration is determined from L[ = Ing,

If the acceleration is aflmct/on of time, use a = dv/dt and v = dsldt whrch when inegrated
yield the particle's velocity and position. -
If the acceleration is a function of displacement, integrate a ds = v dv to obtam t 1e velocrt
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- as a function of position.
If the aceeleration is constant, use ,

= = 55 + Vo L t* .v2—~v +2a,(s — 50 ) to dete th :
v-vo.+act 3“30+V0‘*2ac 0 o A to-determirie the

position or velocity of the particle.
In all cases, make sure the positive coordinate directions used/or: writing the kinematic
equations are the same as those used for wrxtmg the  equations of miotion; otherwise,
simultaneous  solution of the equations will result in errors. Also, if the solution for an .
unknown vectdr component yields a negative scalar, it indicates that the component acts in
the direction opposite to that which was assumed '
Example 9-1

The 50-kg crate shown in Fig. 9-2a rests on a horzontal plane for which the coefficient of
kinetic. friction is g, =-0.3. If the crate is subjected to a 400-N towm&, force as shown,

determme the velocxty of the crate-in 5 s starting from rest. : N

P = 400N
400 N
o , e F =0 N
Figo-2 . - o (b)
; ~Ne .

SOLUTION
_This problem requires apphcatlon of the equations of motion, since the crate's accéleration
can be refated to the force causing the motion. The crate's veloclty can then be determined.

using kinematics.
Fna—Bady Dmgram. The weight of the crate is W=mg = 50 kg (9 81 m/s?) = 490 SN.-As

shown in Fig. 9-2b, the frictional force_ has a magnitude F = = My Ne and acts to the left, since

" it opposes the motion of the crate, The acceleration a is agsumed to act horizontal, in the
positive x direction, There are two unknOWns namely Ncand a. :
Equations of Motion. Using the data shown on the free-body diagram, we have

—* > F,=ma,;" 400c0s30°-03Np=50a (1)
‘+TZF =ma‘; : Nc—-490.5+400sin'3'O°. _—.-0.‘ (2)

Solving Eq. (2) for Ne, substltutmg the result mto Eq (l) and solvmg for a yxelds |
Ne=2905N
a=>5, 19m/s 45044 A},

/‘400” -
gl R
0°

Sla

e £ 0.3 N '

lNc .
F@‘ 92() s
Kinematics. Since thé acceleration i 1s constant, and the mmal velocnty is zero , the velocity of

-
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the crate in 5 s is 2

oy

~———> Vo= VO +aC[
‘ =0+519(5) 2
. _ =260m/s —> .
Example9 2

A smooth 2- kg collar C, shown in Fig. "-3a, is attached 1o a spring having a stiffness k = 3
N/ni and an unstretch . Jd icn; h of 0.75 m. If the ; collar is released from rest at A, determine
its acceleration and the normal force of the rod on the collar at the instant y = 1 m,

Fig 9-3

SOLUTION

Free—Body ‘Diagram. The free-body diagram of the collar when it is located at the arbitrary
position y is shown in Fig. 9-3b, Note that the wexght is W=2(5.81)=19.62 N. Furthermore,
the collar is assumed to be accelerating so that 'a" acts downward in the positive y direction.

There are four unknowns, namely Ne, F,qa and 0.

i Equations of Motion. Using the data inFig.9- 3b
=) F.=ma,,  -Ne+ Fcos6=0 (1)

o MY F, =ma,; 1962-F,éin6=2a - (2) |
| From Eq. (2) it is seen that the acceleratnon is not constant; rather, it depends upon the
- "magnitude and direction of the spring force. Solution is possible once £ and 0 are kﬂown

The magnitude of the spring force is a function of the stretch .s of the spring; i. €.,
F = ks. Here the unstretched length is 4B = 0. 75 m, Fig. 9-3a; therefore

5=CB-AB=y/y? +(0.75)* =0.75. ‘Since k = 3 N/m, then
a =ks = 3(’ Y2 +(0.75) - 0.75) (3)
" From Fig, ‘9-3a‘, the angle 0 is relatéd o ¥ by trigonometry.
sin(;)‘= y : - (4) ‘ | ”

B AR (AE)

Substituting y = 1 m into ‘Egs. (3) and (4) yxelds Fo=1. 50 N and 6 =53.1°, Subr mutmg
these results into Eqs (1) and (2) we obtain -

*

Ne=0S00N | .
=921mis & |



v xanmple 9-3 _ ‘
" ine 100-kgblock A shown in Fig. 9-4 a is 1cleased from rast. If the mass of the pulleys and
the cord is neglected, determine the spead of the 20-kg block Bin2s.

o DY

g

éwkg

Cwe Fig 9-4

SOLUTION : .
Motion of blocks A and B will bé analyzed separately.

Free-Body Diugram. Since the mass of the pulleys is neglected, the equilibrium cb_ndition for
pulley C is shown ir Fig. 9-4b. The free-body diagrams for blocks A and B ar¢ shown in Fig.

9- 4¢' and d, respectively. Here we assume both blocks accelerate downward, in the direction '
p y ;

of +5, and + Sz. What are the three unknowns?
- Equations of Mation  Block A (Fig. 9-4c):
VD, =may; 981-2T=100a, (1)

_ Block B (Fig. 13-10d):

jf J(.ZFY =ma,, | 196.2- T'= 20ap @ 'l |
-Kinematics. The necessary third equation is obtained by studying the kinematics of the pulley
arrangement in order to telate a 4to ab. the coordinates §,4 and Sg méésurg the positions of
~ A'and B from the fixed datum, Fig. 9-4a. It is seen that ’
' 254 +sp=l S o |
‘ where . [is constant and represents the total vertical length -of cord. Differentiating this.
expression twice with respect to time'yields ‘ '

2a,=-ap )

Hence when block A accelerates downward, block B accelerates upward at fwice the amount“
"T=327.0N o . ‘ o .

Cay=2Twst o PG ‘
(5= -6.54 m/s ;tL
Since dBis constant, the velocity of block B in 2 s is thus o e 1 '
(+i«) - v=vyytagl o _ -vL‘

=0+(-654Y2) oo g
C=3ms : - led L dy

The negative sign indicates that block B is moving upward,
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Problems
9-1. The elevator £ has a mass of 500 kg and the counter weighl at A has a mass of 150 kg, 1f
the motor supplies a constant force of 5 kN on the cable at B, determine the speed of the
" elevator in t = 3s starting from rest. Neglect the mass of the pulleys and cable.
9-2. The elevator £ has a mass of 500 kg and the counterweight at 4 has a mass o7 150 kg. If

the elevator attains a speed of 10 mVs after it rises 40 m, dei:ninine the £.ice devel~p . in the
- cable at B. Neglect the mass of the pulleys and cable.

9-3. Block B has a mass m and is released from rest when it is on top of cart 4, Athh has a
mass of 3 m. Determine the tension in cord (") needed to hold the cart from moving while B
is sliding down A. Neglect friction. ‘ S :
9-4. Block B has a mass m and is refeased frrii rest when it is on top of can A, which has
-amass of 3 m. Determine the tension in cord CI needed to hold the cart from moving while B
is sliding down A. The coefficient of kinetic fricti-n butwesn A and i 0 i,

Probs, 9-3/9-

w .Probs. 9-1/9-2

9-5. At a given instant the 5-b block A is moving-doWnWar_d with a-speed of 4 fi/s.
Determine its speed 3 s later. Block B has a weight of 6 Ib, and the coefficient of kinetic
friction between it and ‘theb horizontal plane is £, = 0.3. Neglect the mass of the pulleys and

cord.

2

,A'-"“f 7
ST inEt

LR TS
s ey
X
=y

{3

Prob 9-5 | - Probs 9-6/9-7
9-6. A freight elevator, including its load has a mass-of 500 kg, It is prevented from rotating

by using the track and wheels mounted a]ong its sides. If the motor M develops a constant
* tension 7= 1,50 kN in its attached cable, determine the velocity of the elevator when it has .
moved upward 3 m starting from rest Neglect the mass of the pulleys and cables.

9-7, A freight elevator, including’its load, has a mass of 500 kg. It is prevented from rotating:
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by using the track and wheels mounted along its .sides. Starting' from rest, in t = 2 s, the
motor M draws in the- cable*with a speed of 6 /s, measured relative 1o the elevator.
Determine the constant acceleration of the elevator and the tension in the cable Neglect the
mass of the pulleys and cables. :
9-8, Determine the acceleration of the 5-kg cylinder A. Neglect the mass of the pulleys and
gords. ‘The block at B has a mass of 10'kg. Assume the surface at B is smooth.

Probs. 9-8/9-9
9-9. Determine the acceleration of'the 5 L.g cylmder A Neglect the mass of the pulleys and

cords. The block at B has a mass of 10 kg. The coefﬁcnent of kinetic friction between block B

and the surface is 4, =0.1.

9- 10 The 100-kg crate is hoisted up the incline using the cable and motor.M. For a short
time, the force in the cable is F= 800t* N, where 7 is in seconds. If the crate has an initial
‘veloc1ty v = 2 m/s when [ = - 0, determine its veloclty when t = 2 s The coe_fﬁuent of
 kinetic friction between the crate and the incline is 44 = 0. 3. | | '

9-11. The 100- kg crate is hmsted up the mclme using the cable and: motor M For a short
tiime, the force i in the cable is F= 800f? N, where t is in seconds If the crate has an initial

velocxty v = 2 m/sats=0andt= 0, determine the dlstance the crate moves up the plane

when t =2 s. The coefficient of kmetlc friction between the crate and the incline is 4 =

_Probs 9-10/9-11 - _ ‘
9-12. The crate has a mass of 80 kg.and is bemg towed by -a chain which is always directed at -
~ 20° from the horizontal as shown. If the magnitude of T is increased until the crate begins to

slide determine the crate's initial acceleration if the coefficient of static friction is gz, = 0.5
‘ dnu the coefficient: of kinetic friction’is 44 =0.3.

. [ -13. The crate has'a mass of 80 kg and is being towed by a chain WhICh is always directed at
. 20° from the ‘horizontal as shown, Determine the ‘crate's acceleration in t = 2 s if the coefﬁ-

nient of static frlctton is 4y = 0.4 and the coéfficient of kme_tlc frictionis 4 = 0.3 and the

towing
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CHAPTER (10)

Kinetics of a Particle:

Work and Energy _ : ‘

In this chapter we will integrate the equation of motion with respect to displacement and
thereby obtain the principle of work and energy. This principle is useful for solving problems
which involve force, velocity, and displacement. Later in the chapter the concept of power is
discussed and a method is presented for solving kinetic problems using the theprem of
conservation of energy. Before presenting these topics, however, it is first necessary to define
the work done by various types of forces. - ‘

10.1 The Work of a Force

Fig 10,1

In mechanics a force F does work only when it undergoes a displacement in the direction of
the force. For example, consider the force F having a location on the path s which is specified
by the position vector r, Fig. 10-1. If the force moves along the path to a new position r', the
displacement is then dt = r'-r, The magnitude of dr is represented by ds, thedifferential
segment along the path. If the angle between the tails of dr and F is 8, Fig. 10-1, then the
work dU which is done by F is.a scalar quantity, defined by o ' o

o o dU = Fds cos 8 , L
By definition of the dot product (see Eq: C-14) the above equation may also be written as
. ' dU=TFedr <

Work as expressed by the above equation may be.interpreted in one of two wéys: either as the
product of F and the component of displacement in the diréction of the force, i.e., ds cos 8, or
as the product of ds and the component of force.in the direction of displacement, i'e., F cos 6 .

Note that if 0° <6 <90°, then the force component and the displacement have the same
sense so that the vsork is positive; whereas if 90° < < 180"‘_,' these vectors have an opposite
'sense and therefore the work is negative. Also, dlJ = 0 if the force is perpendicular to .
-displacement, since cos 90° = 0, or if the force is applied at dﬁxedpoinl, in which case the
displacement is zero.- , ‘ ~ : :
The basic unit for work in the SI system is called a joule (J). This unit combines the units of
force and displacement. Specifically, 1 joule of work is done when a force of 1 newton moves
"1 meter along its line of action (1 J = 1 N « m). The moment of a force has this same
combination of units' (N + m); however, the coneepts of moment and work are in no way
related. A moment is a vector quantity, whereas work is a scalar. In the FPS system work is
generally defined by writing the units as ft » Ib, which is distinguished from the units for a
moment written as Ib « ft. o
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Work of a'Variable Force:
il a ‘orce undergoes a finite displacement alony its path from ry to rz or §) to §y Fig. 10- 2a

*he work is determined by integration. If F is expressed as a iunction of position, F' = F(s),
we have

5
U, = IF dr_chosﬂcis ' (10.1)-
A St

If the working component of the force, F'cos 6, is plétted versus 5. Fig. 10-2b, the integral
represented in this equation can be interpreted as the area under the curve from position §;

to position Sy

P8

1CY]

Fig 10-2

4

Work of a Constant Force Moving Alﬁng a Stmlght Lme
If thc force F has a constant magnitude and acts at a constant angle 5] from its stralght -line

path, Fig. 10-3a, then thé component of F, in the direction of displacemerit is. F_cos@ The
work done by F_when it is' displaced froms), to §, is determined by Eq. 10-1; in which

case

‘ %

Uy, = F,cos8 J'a’x
.S'l
or, (10-2)
g
o |
Fig 10-3

Here the work of F, represents the area under the rectangle in Fig. 10-3b,
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Work of a Weight ;
Consider a particle which moves up along the path.(shown in Fig. 10-4 from position §; to
position §,. At an intermediate point, the displacement dr = dri+dyj + dz k. Since W =
Wj, applying Eq. 10-1 yields A ,

y

Fig 10-4

Iy
Ua= [ Fedr= [ (W)« @i+dyj+dzk)

n

‘ y )
\ =-f -Way= 'W(J/Q_ yl)
N

J

or, | U1_2=—WAy S 03)

Thus, the work done is equal to the magnitude of the particle's welght fimes its vertical
dlsplacement In the case shown in Fig. 10-4 the work is negative, since W is ‘downward and
: Ay is'upward. Note, however that if the particle'is dlsplaced downward ( A'y) the work of
the weight is positive.

Work of a Spring Force Co
The magnitude of force developed in a linear elastic spring when the sprmg is dlsplaced a .

distance i from its unstretched position is F = ks, where ¥ is the spring stiffness, If the

spring is elongated or cqmpressed from a position 5, to a further posMon §, . Fig. 14- Sa the’
work done on the spring by F, is positive, since in each case the forcc and dlsplacement are in
the same dll‘eCI'lOﬁ We require

“

U= I F, ds= I ks ds
3'1 ’ Sl ‘
1 1
=~ks 2 ks
2 2 1

: Thls equat10n rcpresents the trapezondal area under the line F = ks Versus.s, Flg 10-“0
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- (9)

. Fig 10-5 : :

If 2 particle (or body) is attached to a spring, then the force F, exerted on the particle is
opposite to that exerted on the spring. Consequently, the force will do negative work on the
particle when the particle is moving so as to further elongate (or compress) the spring. Hence,
the above equation becomes BT o .

(1 1, 2) : X

Upy == —ks,® = —ks (10-4)
- 2 2 o

When this equation is used, a mistake in sign can be eliminated if one simply notes the

direction of thé spring force acting on the particle and compares it with the direction of

displacement of the particle—if both are in thé same direction, positive work results; if they

arc opposile lo one another, the work is negative

Example 10-1 i A i Coe :
The 10-kg block shown in Fig. 10-6a rests on the smooth incline. If the spring is originally
unstretchied, determine the total work done by all the forces acting on the block when a ..
“horizontal force P = 400'N pushes the block up the plane s=2m, - .

X , =Jwm

Unsireiche
. position ol tr)

Fi'ﬂ- o6

Solution , ‘ ‘ .
The free-body diagram of the block is shown in Fig, 10-6b. ‘
© Horizontal Force P. Since the force is constant, the work is computed - S
The result can’ be' calculafed as the forcé times the component of displacement in the
direction of the force, i.e., :

[

Up =400(2 cos 30°)=692.8] ‘ o
or, the displacement times the component of force in the direction of displacement, i.e.,
Up = 400 cos 30°(2) = 692.8J
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Sprmg Forca F,. bmce the sprmg is originally unstretched and in the final posmon is
stretched 2m the work of F, is

‘U» .~-(30) (2)— =-60J

Why is the work negative?

Weight W. Since the weight acts in the opposite dlrthlon to its vertlcal dlsplacement the
work is negatlve Le., ’
‘ ' Uw = -98.1(2 sin 30°) = -98.1 ] |
Note that it is also possible to consider. the component of weight in the direction of
displacement; i.e.,

: . Uw=-(98:15in30°)2 =-98.1]

" Normal Force Ng. This force does no work since .it is always perpendlcular to the‘

displacement.
The work of all the forces when the block is dlsplaced 2mis thus
UT 692, 8 -60-98.1 = 535J Ans. .

10.2 Principle ufWork and Energy -

: d}‘ v %F, '/I‘
-

l.m:niull coordinule !yslemv
Fig 107
!

‘ Conmder a particle P in Fig. 10~ 7 which at the instant considered i is located at position'r on

. the path as measured from an inertial coordinate system. If the particle has amassmandis -

subjected to a system of external forces represented by the resultant Fp= ZF then the

‘equatxon of motlon for the particle is- ZF = ma, When the . partn,le undergoes a
- displacement dr along the path, the work done by the forces is
ZF dr=ma*dr :

If we establish the'n and t axes at the particle, then ZF can be resolved into its normal and
, tangentxal components Fig. 10-7. Reazlizing that the magmtude of dr is ds, it can beseen that

. ZF dr= ZFdS cosé = ZF ds. In other words the work Of2F is computed only from
< ts tangent/al components. The normal components ZF ZF sinédo no work since
they cannot move in the normal direction, Since a » dt = a, ds, the above equatlon can LlSO be
written as - ‘ “ | | o
* Using the kmematie equation a,ds = vav, and integrating both e?des, assumiug ivitially thnt'

" the particle has a position r = ryand a speed ¥ = v; and later r=ry, > = V) yields. _
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ZTF edr= vadv

n "
- or,
r 1 ‘ ' ‘
ZJ]F-dr=—2-mv22—mvl2 (10-5)
R o : .
Using Eq. 10-1, the final result may be written as
Y Ui =zmvy =Sy (10.6)

This equation represents the principle of work and energy for-the particle. Thr '=rm on the

left is'the sum of the work done by a/l the forces acting' on the panicie as i, L MOVES

from point 1 to point 2. The two terms on the right side, which arc of the form 7 =—2-mv-2,

define the particle's final and initial kinetic energy, respeétively. These terms are positive:
scalar quantities since they do not depend on the direction of the particle's velocity. Further-

more, Eq. 10-6 is dimensionally homogeneous so that the kinetic energy has the same units as

work, e.g., joules () or ft  Ib,

When Eq 10-6 is applied, it is often symbolized in the form -
' LU =Ty o ey

which states that the particle's initial kinetic énergy plus the work done by all the forces
acting on the paticle as it moves from its-initial to its final position is-equal to the particle's
~ final kineétic ensrgy. ' ' ‘ ‘

PROCEDURE FOR ANALYSIS '

As stated above, the principle of work and energy is used to solve kinetic problems that
involve velocity, force, and displacement, since these terms arc involved in the equation. For
application it is suggested that the following procedure be used. - o .

Work (Free-Body Diagram). Establish the inertial coordinate system and draw.a free-body
diagram of the particle in order to account for all the forces that do work on the particle as it

moves along its path, . i _
Principle of Work and Energy.. Apply the principle  of work and energy,
7+ ZU 1y = T The kinetic energy at the initial and final points is always positive, since

it involves the speed squared (T = E):mv2 ). The wokrk done by each force shown on the free-.

body diagram is computed by using the appropriate equations developed in Sec. 10.1. Since -
algebraic addition of the work terms is required, it is important that the proper sign of each
term be specified. Specifically, work is positive when the force component is in the same
_direction as.its displacement, otherwise it is"‘negétive‘ ‘ ' : : '
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10-3 Principle of Work and Energy for a System of Particles

/\\&' I
"y » | Fig 10-8

The principle of work and encr" can be extended to include a system of n particles isolated
within an enclosed region of space as shown in Fig. (. ° o
We can write this equation symbolically as

ZT1+ZU12“ZT“ - (10-8) | | L
Hence, the system's initial kinetic energy. ZTI plus the work done by all the external and
internal forces acting on the pamcles of the system ZU 12 is equal to the systems final

kinetic energy ZTZ To maintain this balance of energy, stnct accountabxllty of the work

done by ali the forces must be made. In this regard note that although the internal forces on -
adjacent particles occur in equal but opposite collinear pairs, the total work done by each of
these forces will, in general, not cancel out since the paths over which corresponding
- particles travel will be different. There are, however, two important exceptions-to this rule
which often occur in practice. If the particles are contained ‘within the boundary of a
- translating rigid body, the internal forces all undergo displacement by an equal amount, and -
* therefore the internal ‘work ‘will be zero. Also, particles connected by.inextensible cables
make up u system which has internal forces whlch arc displaced by an equal amount. In this. |
case -idjacent narticles exert equal but opposite internal forces which have components that

undeigo the tame displacement, and thercfore the work of these forces cancels. On the other

hand, note that'if the body is-assumed to be nonrigid, the particles of the body are displaced
along different paths, arid some of the energy due to force interactions would be glven off and
lost as heat or stored in the body if | permanent deformations oceur,

Work of Fnctmn Caused by Slldmg O ' -
These problems all involve cases where a body is sliding over the surface of another body in

the presence of friction. Consider, for example, a block which-is translating a distance s over -
a rough surface as shown i in Fig, 10-9. If the applied force P just balances the resuliant

 frictional force 4y N, then due to equ111br1um a constant velocity v-is maintained and one -
would expect Eq. 10-8 to be applied as follows

)
3

1 1 2
‘ —-mv +Ps Ns:-—mv
2 CAE =S



Fig. 14-9 - Fig 10-9 , o
Indeed this equation is satisfied if P = z£;, N, however, as one realizes from experience, the
~sliding motion will generate hear, a form of energy whrch seems not to be accounted to in
the work-energy equation. In order to explain this paradox and thereby mora accuretely
represent the nature of friction, we should actually consider a model of the surfaces of contact
_which are deformable (nonrigid).* Recall that the rough portions at the bottom of the bleck
act as "teeth," and when the block slides these teeth deform slightly and either break off or
vibrate due to interlocking effects and pulling away from "teeth” at the contacting surface As
a result, frrctlonal forces that act at these points are diminished; however, they are replaeed
- by other frrctronal forces as other points of contact are made. At any instant, the resultant of

-the frictional forces remains essentially constant, i.e. ,ukN however du€ to the localized

deformations, the actual displacement.s' of 1, N'is not the same displacement s as the
applied force P. Instead, s' will be /ess than s (5" < ), and therefore the éxternal work done by

“the resultant frictional force will be My Ns'. The remaining amount of work, f, N(s - 59,
manifests 1tself fis an increase in 1nlenm/ energy, which in fact causes the block' s temperature
10 rise. :

- In summary then, Eq. 10-8 can be applied to problems involving sliding friction; hov\ever it
should he fully realized that the work of the resultant frictional force .is not represented

by 44, Ns; instead, this term represents both the external work of- friction (4 Ns) i
" internal work[ N (s sH] Wthh 15 converted into various forms of internal ener;:,y !

nxmnple 10-2 ‘ ‘ ;
A 10-kg block rests on the horizontal surface shown in Fig. 10-10 a. The spring, which is

not attached to the block, has a stiffness & = 500 N/m and S is initially compressed 0.2m from

C to.A. After the block is released from rest at A, determine its velacity when it passes puxm

D. The coefficient ofkmetle frrctlon between the block and the plane is 2} = 0.2.

p“';:“_"i‘[’“‘““”“l

suuwm

02N J= 03N,
. : Ny

HESR R
. : [ (b}

Fig. 16-10 (a) L -
SOLUTION ' Why can this problem be solved using the prmclple of work and Pnergy'7 ,
. Work. (Free-Body Diagrams). Two free-body diagrams-for the block are shown in Fig. 10-
10b. The block moves under the influence of the.spring , force F, along the 0.2-m-long path
AC; after which it continues to slide along the plane to pomt D Wlth reference to erther free-

body diagram, ‘

ZF = 0; hence, NB = 98 1 N Only the sprmg and friction torces do work durm;, the'v

drsplacement»-the sprmg force does posmve work from A to L whereas the frrctlonal force



. !
-does negative work. . 213

. Prmcrple of Work and Energy
TA +ZUA D= TD

] 1 1 '
EUI(VA)Z +—2‘kSAC2 ""O.2NB(5AD)=5‘”’1(VD)2

{o}+{ (5000. 2)2 - 0. 2(9 81)0. 4)} {—;(1 0Xvp )2}
Sollvi_ng forvp, we g’et .
vb'= 0.565m/ts-

Example 10-3

The blocks A and B shown in Fig. 10-11a have a mass of 10 kg and 100 kg, respectlvely
Determine the distance B travels from the point where it is released fron; rest to the point

where its'speed becomes.2 m/s.
U R R

@ | Cemin () Figlo-11
Solution ' '
Work (Free-Bady Dmgram) As shown on the free body diagram of the system. Fig. 10 11b,

the cable force T and reactions- Ryand R,do ro work, since these forces represent -the
reactions at the supports and consequently do not move while the blocks are being displaced.

Principle of Work and Energy. Realizing the blocks are released from rest, and as stated :
previously, assuming both move downward, we have- '

DIEDIZFED Y A o
1o, ya 1 L 1 .
e 3 ma)? Wty i = b+ o)}

Orobfoniasy) s s )= (J00k)" +2000kR| @

‘\ ! ) ) "n . ’ - '
Kinematics. Using the methods ‘of kinematics, it may be seen from Fig. 10-11a that at.am



.

zi4

‘glven mstant the total length / of all the vertical segments of cable may be expressed in
terms of the position coordinates S 4and §gas S4+4sp = =/

Hedce,_ a change in position yields the displacement equation
AS +40s5 =0
As, =-4Asg (2)
Taking the time derivative yields .

=——4v3 = —4( )-—~8m/s

Retammg the negative sign in Eq. (2) and substntutmg mto Eq ¢))] yleld ASB“‘ 0.883'm ~L

Problems *

10-1. Cylinder A has a mass of m4 =3 kg and cylinder B has a mass of mB = 8 kg.

Determine the speed of A after it moves upward 2 m starting from rest. Neglect the mass of
the cord and pulleys.

+10-2. Block A has a weight of WA =60 Ib and block B has a welght of WB = 10 Ib.
Determme the speed of A just after ii moves downward 3 ft starting from rest, Mrglect the
mass of the cord and pulleys

;Mg' is towed along an inclined road. 1f the car starts from
s} aﬁer travelmg a distance of' 150 m, determme the constant .

; - ; Prbb.-10~3 _ prob 10-4
10-4, Block A has a weight of WA =3 Ib and orests ‘on a surface




",'axS

for which the coefficient of kinetic. friction, is 4= 03. Block' B
h;xs a Weight" of Wg=8 Ib. Determine vthe distance B must de-
scend so that 4 has a speed of v 4= 5 fi/s starting from rest.

10-5, The collar has a mass of § kg and is moving at 8 m/s whenx = 0. A force of F=""-60Nis
applied to it as shown. The direction Q of this force varies such that 8 = 10 x, where x is ir
meters and 0 is clockwxse ‘meastured in de;,rees Determine the speed of the o~ tar whenx =7
m. The coefﬁment of kinetic friction betv. ..~ sk <ollar and the fod is 4= 0.

10-6. The force F acting in a constant dir~ction un the 20- kg bjock has a me1nitude whic..

"vanes with the position s of the block. Determine how far the block slides befi re its velocity -
becomes 5 m/s. When s =0 the block is moving to the right at 2 m/s The coefficient of

kmetlc frlctlon between the block and surface is 4, =0 3

Fidy

S F =50t

Prob.10-s : Prob. 10-6






