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CHAPTER o6

INFLUENCE LINES FOR BEAMS, FRAMES, AND GRIDS

6.1 Introduction

The effect of live loads which can have different positions on a structure can be
conveniently analyzed and succintly described in graphical form by the use of influence lines.
An influence line shows the value of any action due to a unit point load moving across the
structure. For example. the influence line for the bending moment at a section of a continuous
beam shows the variation in the bending moment at this section as a unit transverse load
traverses the beam.

In this chapter we deal with the methods of obtaining influence lines for statically
indeterminate structures but, by way of introduction and review intluence lines for statically
determinate structures will be first brietly discussed.

6.2 Concept and Application of Influence Lines

A transverse concentrated load at a general position on a member of a structure causes
various actions. These actions which may be a bending moment, shearing force. thrust, or
displacement at a section, or a reaction at a support, vary as the load moves across the
structure.

If the values of any action A are plotted as ordinates at all the points of application ot a
unit transverse load. we obtain the influence line of the action A. In this chapter we use 1y to
represent the influence ordinate-which may also be referred to as influence coefficient-of any
action due to a unit moving concentrated load acting at right angles to the member over which
the load is moving. The effects of other types of loading will be distinguished by appropriate
subscripts. Our sign convention is to plot positive intluence ordinates in the same direction as
the applied concentrated load. Thus influence lines for gravity loads on horizontal members are
drawn positive downwards,

Let us now illustrate the use of influence hines i analyvsis. The value of any action A

due to a system of concentrated loads Py Pa--- Py (Fres 0-Ta)
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Fig. 6-1 Determination of the value of an action due to loading using the influence line



can be obtained from the influence ordinates by
APy P Nl 6.1

or

7

A= Z P, (6.1a)

[ |
The value of the action A due to a distributed transverse load of intensity p over a
length BC (Fig. 6.1b) is

A= J. npdx (6-2)
For a uniform load of intensity g.
A=y J‘M ndx (6-3)

The value of the integral in this equation is the area under the influence line between B and €.

The knowledge of the shape of an influence line indicates which part or parts of a
structure should be loaded to obtain maximum effects. In Fig.6-4. influence lines are sketched
for a plane frame. and in Fig 6-3 tor a grid. The ordinates plotted on the column EB in Fig.6-4
represent the value of the action considered due to a horizontal load on the column. As always:
the value 1s positive if the load is applied in the direction ot the positive ordinate. The ordinates
of the influence lines for the grid are vertical to represent the effect of a unit vertical load. as
shown in the pictorial view in Fig 6-5.

We can see that. for instance. in the case of shear at section n in the frame of Fig.6-4. a
maximum negative value occurs when a distributed load covers Bn as well as the span €D,
without a load on the remainder of the frame. Likewise, the bending moment at n; in Fig 6-3 1
maximum positive when loads cover the members CD and the central part of” G, without a
load on AB, or EF.

6.3 Muller-Breslau's Principle

One of the most effective methods of obtaining intluence lines is by the use of Muller-
Breslau's principle. which states that the ordinates of the influence line for any action in a
structure are equal to those of the detlection curve obtained by releasing the restraint
corresponding to this action and introducing a corresponding unit displacement in the
remaining structure. The principle is applicable to any structure, statically determinate or
indeterminate. and can be casily proved. using Bettl's law.

Consider a loaded beam in equilibrium. as in Fig. 6.2a. Remove the support B and
replace its effect by the corresponding reaction Ry as shown in Fig. 6.2b. [ the structure is
now subjected to a downward load I at B such that the deflection at B equals unity, the beam
will assume the deflected tform in Fig. 6.2¢. Because the original structure is statically
determinate. the release of one restraining force turns the structure into a mechanism. and
therefore the force F required to produce the displacements in Fig. 6.2¢ is zero. However. the
release of one restraining force in a statically indeterminate structure feaves a stable structure

so that the value of the force Fis generally not equal 1o zero.
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Applying Betti's Law to the two system of forces in Fig 6-2b and ¢. we write
mPy+ Pyt -+ P- TXRy=Fx0
This equation expresses the fact that the external virtual work done by the system of forces in
Fig. 6-2b during the displacement by the system in Fig 6-2¢ is the same as the external virtual

work done by the system in Fig. 6-2¢ during the displacement by the system in Fig 6-2b. This
latter quantity must be zero because no deflection oceurs at B in Fig, 6.2b.
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Fig 6-2. Influence line for a statically determinate beam. (a) Loaded beam in equilibrium.

(b) Support B replaced by Rg (¢) Influence line for Ry (d) Equilibrium maintained by

forces My and Vi. (e) Influence line for My () Influence line for Vi

‘The preceding equation can be written
Ry=>nl
T
Comparing this cquation with Eq. 6-la. we see that the deflection line in Fig. 6-2¢ 1s the
influence line of the reaction Ry, This shows that the influence line of the reaction Ry can be
obtained by releasing its cffect, that is removing the support B, and introducing a unit
displacement at B in the downward direction. that is opposite to the positive direction of the

reaction.
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Using simple statics. we can readily check that the deflection ordinate at any point in
Fig. 6-2¢ is. in fact. equal 1o the reaction Ryy i a unit load is applicd at this point in the beam of
Fig. 6-2a.

et us now use Muller-Breslau's principle in the case of the influence line of the
bending moment at any section E. We introduce a hinge at F, thus releasing the bending
moment at this section. We then apply two equal and opposite couples F o produce a unit
relative rotation of the beam ends at L (Iig. 6-2¢). In order to prove that the detlection line in
this case is the influence line of the bending moment at E, cut the beam in Fig. 6-2a at section
E and introduce two pairs of equal and opposite forces M. and Vi to maintain the equilibrium
(Fig. 6-2d). Applying Betti's law to the systems in Figs. 6-2d and 6-2¢, we can write

WIPI t W:Pz t -t nnpn" ‘ X MI-‘ = ! x 0
aor

1

M, = Zly, P

i1
This demonstrates that the deflection line in Fig. 6.2¢ is the influence line for the bending
moment at E.

The influence line for shear at section I can be obtained by introducing a unit relative
translation without relative rotation of the two heam ends at I (Iig. 6.2g). This is achieved by
troducing at E a fictitious mechanism such as that shown in Fig. 6.21 and then applving two
equal and opposite vertical forces F. With this mechanism the two ends at I5 remain parallel as
shown in Fig 6-2g. Applying Betti's Law to the systems in Figs. 6.2d and 6.2g, we can write

P+ Pt - Py - XV = x ()

4

Viy=3np

1=

which shows that the deflection line 1 Fig. 6-21 is the influence line for the shear I

All the influence lines considered so far are composed of straight-line segments. This is
the case for anv influence line in any statically determinate structure. Thus. one computed
ordinate and known shape of the influence Hine are sutficient to draw it. This ordinate may be
calculated from considerations of statics. or {rom the geometry of the influence line.

All influence lines for statically indeterminate structures are composed of curves. and
therefore several ordinates must be computed. In Fig. 6.3, Muller-Breslau's principle ts used to
obtain the general shape of the influence lines for a reaction, bending moment. and shear at a
seetion i a continuous beam. Sketches of influence lines for several actions in a plane trame

and in a grid are deduced by Muller-Breslau's principle in Iigs. 6.4 and 6.5,
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6.3.1 Procedure for Obtaining Influence Lines

The steps followed in Sec. 6.3 to obtain the influence line for any action can be
summarized as follows.

I. The structure is released by removal of  the restraint corresponding to the action
considered. The degree of indeterminacy of the released structure compared with the original
structure is reduced by one. It follows that. il the original structure is statically determinate. the
released structure is a mechanism.
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Ends A.C.E.B.D and F are simply supported

Influence hine for bending moment at n

Fig 6-5 Shape of influence lines for a grid using Muller-Breslau's principle
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2. Introduce a unit displacement in the released structure in a direction opposite to the
positive dircction of the action. This is achieved by applying a force (or a pair of equal and
opposite forces) corresponding to the action.

3. The ordinates ol the deflection line thus obtained are the influence ordinates of the
action. The ordinates of the influence line are positive if they are in the same direction as the
external applied load.

6-4  Correction for Indirect Loading

[n some cases loads are not applied directly to the structure for which the influence
lines are desired. but through smaller beams assumed to be simply supported on the main
structure. For instance, the main girder in Fig. 6-6a supports cross-girders at nodes AL 1. 2. 3.
and B, and these in turn

C.___
LX‘T Cox Stringer
- ot L
1 Bl 1 L L ¢
e 1 2 3 o 1?
; /%

Main girder

(a)

Adjusted influence line
for indirect loading

Influence line for
(b) direct loading

Fig 6.6 Correction of influence lines for indirect loading, (a) Indirect loading on main

girder. (b) Influence line for any action 4 in main girder.

carry stringers to which the live load is applied. Let the solid curve in Fig. 6-6b represent the
influence line of' any action A, drawn on the assumption that the unit load is applied directly to
the beam. But the unit load can be transmitted to the main girder at the cross-girders only. and
we have to correct the influence line accordingly.

A unit load applied at an arbitrary point between nodes 1 and 2 is transmitted to the
main girder as two concentrated loads equal to (¢c-x)/¢ and x/c at 1 and 2 respectively. The
value of the action A due 1o these two loads is

X ¢ =X

A=+ =m0, (6-4)
.

C
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where ¢ is the panel length and x is the distance indicated in Fig. 6-6a. This is the equation of
the straight line between points 1 and 2 shown dotted in Fig. 6-0b. Thus the corrected influence
line is composed of straight segments between the node points.

[n pin-connected trusses. all the loads are assumed to act at the joints: thus, influence

lines for trusses are composed of straight segments between the joints.
6.5 Influence Lines for a Beam with Fixed Ends

Let us now use Muller-Breslau's principle to find the influence lines for the end-
moments of a beam with fixed ends. From these. by equations of statics. influence lines for
reaction, shear, and bending moments at any section can be determined. We use-as in previous
chapters-the convention that a clockwise end moment is positive.

To find the influence line for the end-moment Mag in the beam in Fig. 6.7a. we
introduce a hinge at A and apply there an anticlockwise moment to produce a unit angular
rotation of the end A (Fig. 6.7b). This moment must be equal in magnitude to the end-
rotational stiffness Sap. The corresponding end-moment at B is t © Capy Sap. where Sapn. Cag
and t are the end-rotational stiffness. the carrvover factor and the carryover moment
respectively. The deflection line corresponding to the bending-moment, diagram in Fig. 6-7¢ is
the required influence line.

When the beam has a constant {lexural vigidity EI and length L the end moments at A
and B are respectively-4l:1/ Tand 21171, These values can be substituted in the expression for

the deflection y in a prismatic member AB due to clockwise end-moments My and My

2
y= 61777[’«"[ (2632 4% =M, (¢~ &%) (6-5)

where & = x /0 x is the distance from the lefti-hand end AL and /7 is the length of the member.
Equation 6-3 can be casily proved by the method of elastic weights, The values o'y due to unit
end moments are given in Appendix L.

Superposition ol the deflections caused by an end-moment of -4E1/ 7 at A (with zero

moment at By and of the deflections caused by an end-moment
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Fig. 6-7. Influence lines for a prismatic beam with fixed ends. (a) Beam. (b) End -
moments corresponding to a unit angular rotation at end A. (¢) Bending moment
diagram for the beam in part (b). (d) Influcnce lines for end-moments. (¢) Influence line
for Ry. (f) Influence line for M, . g4/, (g) Influence line for Vi, <94/

of 2B Fat B (with zero moment at Ay gives the required influence line. This is conveniently
done in Table 6-1.

Because the beam ts symmetneal. the intluence ordinates of the end-moment My cun
be obtained trom those for Moo by reversing the sign and the order tFable 6.2

Fhe miluence Ties ol the two end-moments are plotted i Figl 6.7d

The reaction Ry may be expressed s

Moo+ M
R, =R. -~ et
/
Table 6-1. Calculation of Ordinates of the Influence Line for the End-Moment Mg
Distance trom lett- .. . , o . . ‘ Mulo-
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hand end pher
Detecthion due to end il o s se sy L 0o ETLRNE oo /
moement al Aot AET
T U - e e v
Pefection duc toend i o o 0128 00, 0119 | Goue o 00sT /
moment at B ot 21 } ! .
. . + f ‘ ‘ ' + ' t
el At . . | .
Influcnce ordimate to 1 OO0SE |18 HIRFEIEN ST RN RV SN TR _0 009 /
Mo : : : i e e



Table 6-2 Ordinates of the Influence Line for the End-Moment My,
- o o o T T ' T Mula-
Distance from lefhand end | 01/ 1 0270 1 037 ) 041 0.5/ 0.6/ 0.71 0.8/ i 0917 | |
') ey
Influence ordinates for My, | 0.009 | 0.032 1 0.063 1 0.096 | 0,125 | 0.144 0007 0.128 0.081 /

where Ra, 1s the statically determinate reaction of the beam AB if simply supported. This

equation is valid for any position of a unit moving load. We can therefore write.
1
Mea = Mpae — '/'(’7\/,~m ) (6.6)
where 1) is the influence ordinate of the action indicated by the subscript. The influence line of

Rag 1s a straight line with ordinate 1 and A and zero at

Table 6-3 Ordinates of the Influence Line for Ry

Distance from left- | 0 007 027 ToaT o4 T oSt Toer o7 o8] o091/
hand end ! i i : ‘ :

Nias 1,000 T 0900 GRG0 000 T 600 0.5 0400 | 03000 T 0200 oo |y

T T GOk T 0T O T 002y TT0006 0063 | o3 [ gos T

Nwnal! 0 S0.009 T-0.032 T -0.063 70,096 | -0.125 T-0.144 | -0047 [ -0.128 | 0081 = 0

influence ordinate for Ry | 1000 [ 0972770896 T 07847 | 0648 T 0500 103520216 [ 0104 | 008 40

B. The calculation of the influence line ordinates for the reaction Ra is performed in Table 6-3.
and the influence line is plotted in Fig. 6-7¢.
Similarly, the influence ordinate for the bending moment at any section distance x {rom
the left-hand end 1s given by
My =1 ™ (/- - ) Mraw ™ o Uy (6-7)
/ /
where nu and N are the influence ordinates tor the bending moment at the section for a beam
with fixed ends and simply supported respectively. The ordinates n for a section x = 0.4/ are

calculated in Table 6-4 and Fig. 6-7{ plots the relevant influence line.

Table 6-4 Ordinates of the Influence Line for M, . g4/,
e g e S L e i — . :
Distance from lefte F 007 Do T0s  oa s T oS T 06l 070 087 1 097 Mulii-
! : ! ! : ‘ 1 : i .
hand end | ; | ! i ! | ! { plier
e ; T . [ S ,_,_.I._ b ..,_4.__,‘.4.._‘*_-_.. e
e L0060 1 0120 0 0ge 020t o200 odon o020 1 0080 L oo D
P, b - _ [ T T e oo e TR
GO0 NIRRT ‘ 07T LDORR T 008G 0073 L S00S8 T L0038 | -0.019 1 -0.008 /
TP T e [P N i she e R -
RIETTII Foooor Tyt s ork U oosu s oss T o 001 . -0.032 /
. N . . S . H b I ‘ + t t
Influence ordinate for ‘ : o ‘ o
o0.007 0o3g . oo NI 0073 0 0udo G023 1 0010 0 000s !
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The influence ordinates ny of the shear at any section can be calculated by the equation

== ) (0.8)

— i —

where nvy is the influence ordinate for the shear at the same section in simply supported
beam. The influence line for shear at a section x = 0.4/ is shown in Fig. 6-7g. It can be seen
that this influence line can be formed by parts of the influence lines for R, and Ry

The influence lines for continuous prismatic beams with equal spans or with unequal
spans in certain ratios are given in various references. and in most cascs they need not be
calculated. On the other hand. influence lines are often calculated in the design of bridges of
variable I or with irregularly varying spans forming continuous beams. also of frames and
grids.

6-6 Influence Lines for Plane Frames

In the preceding section we have seen that the influence lines for shear or bending
moment at any section of a member can be determined from the influence lines for the
end-moments by simple equations of statics. Thus influence lines for end-moments are of
fundamental importance, and we shall now show how to use moment distribution to find the
influence lines for the end-moments of continuous plane frames.

Let us assume that we want to 1ind the influence line for the end-moment

A B C D
F
) (a)
il
A 8“ 1 < o .
5| A T
= 14
o
f=
i
F
End-moments are: i
MH( 'Sli(‘a ’\/1(“ -L‘H( SH( ((j)
and equal to zero at all other ends

{b)

Fig. 6-8 Dectermination of influence line for end-moment in a plane frame, (a) Plane
frame, (b) Unit angular rotation of end BC without other joint displacements,
(¢) Bending-moment diagram corvesponding to the clastic line in part, (d) Influence line
for the end-moment My,
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My in the frame of Fig. 6-8a. According to the Muller-Breslau principle, the influence
ordinates are the ordinates of the deflected shape of the frame corresponding to a unit angular
discontinuity at end BC. Assume that such a unit angular rotation is introduced at end BC
without other displacements at the joints. as shown in Fig. 6-8b. The end-moments
corresponding to this configuration are -Sp¢ and ~tpe = -CpcSpe, where Sge is the end
rotational stiffness. t¢ the carryover moment, and Cy the carryover factor from B to C.

We now allow joint rotations (and joint translations, if any) to take place and find the
corresponding moments at the ends of the members by moment distribution in the usual way.
The corresponding bending-moment diagram will be a straight line for each member (Fig 6-
8¢). The deflections. which are the influence line ordinates, are calculated by superposition of
the deflections due to the end-moments as in the previous section.

For prismatic members. the values given in Appendix [ may be used. For members of
variable /, we can use the influence line ordinates of the moment at a fixed end of 2 member
with the other end hinged. To obtain the detlection due to a unit couple applied at one end,
these ordinates should be divided by the adjusted end-rotational stiffness at the fixed end while

the other end is hinged.

(a) (b)

Q

-

(¢)

Fig. 6-9  Deflection of a nonprismatic beam due to a couple applied at one end
with the other end hinged. (a) Beam. (b) Influence line for end-moment My

¢) Bending-moment diagram corresponding to the deflection line in part (b)
24 b4 I 2

The shape of the influence Tine for the end moment My for the lrame considered s
shown i Fig. 6-8d. The ordinates plotied on the columns B2 and CF can be used to find the
value of Mye if a unit horizontal foad is applicd w cither of the columms. The value will be
positive if the load points toward the left 11 however. a horizontal Toad on a column cannot

occur: the influence ordinates on BIZ and CE need not be plotted.
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Example 6.1 Obtamn the mtluence lime tor the end-moment My, i the bridye frame m bie
6-10a. Use this influence line to find the influence ordinate of the bending moment M, at the

center of AB and of the shear
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Fig. 6-10  Influence line for an end-moment in Example 6-1. (a) Frame properties.(b)
Unit angular rotation introduced at end BA. (¢) Moment distribution. (d) Influence line

of end-moment My,



Viata point njust o the left of B The relative values of 7 are shown in the figure.

A unit rotation in an anticlockwise direction is introduced at end B of BAL as shown in

Frg 6-10b. The correspondimy end-moments are My,

SR D

L 8SED band sero tor all

the other ends. These values are the imitial FEMS for which o moment distribution s carried

out i g 6-10¢. The deflectons of members AB. BC.and CD due to the final end-moments

are caleulated m Table 6-3 at 03/,0.3/ and 0 7/ of cach span

Table 6-5 .

Detlection due o

[

end-moment at (057
Lettchand end 0
Right-handend  6.23

“Influence ordinate 6,23

\1c1111\cf Al

050 07
ST
$35 813
Cogss T ogas

Ordinates of Influence Line for End-Moment My (b/10)

.\'Icnﬂwr BC

3/ 0~/ 0.7
33 148 29
088 121 <115
243 207 Ry T

030 03 1.7
043 L0485 L0033
0 (0 0
.43 IR

by the use of the tabulated values in Appendin L These detlections. which are the intluence

ordinates ot the end-moment My, are plotied m tig. 6-10d. As always. a positive sign

indicates a clockwise end-moment.

Table 6.6 Ordinates of Influence Line for the Bending Moment M, at G (b/10)
Influence Member AB | Member BC Member CD
coefficient 0.3/ 057 070 T 03 03 070 | 030 05/ 0.7
. 975 16251 975 0 0 o T T 0T o
b Mt 312 28 i S408 122 -1 i-(>.<>9 022 1003 017
Influence ordinate + 6.63 1197 567 . -122 114 [-069702270237 017

The ordinates of the influence lines for M, and V,, are determined by superposition

Eg. 6.7 and 6.8 respectively. The caleulations are performed in Tables 6.6 and 6.7, and the

influence hines are ploted in Figs, 6.1 Ta and b

Table 6.7
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Fig 6-11, Influence line for bending moment and shear at a section of the
frame in Example 6-1. (a) Influence line for M. (b) Influence line for V,,

6.7 Influence Lines for Grids

The grid in g 0-12 arepresents the main and cross-girders ot a bridge deck tor which
mfluence lines of bending moments at certain sections of the members are required. Al joints
are assumed to be rigid, capable of resisting bending and torsion,

For the analysis of this grid by the displacement method cach of the internal joints has
three unknown displacements: two rotations {vectors O, and 6,) and a downward detlection &,
At cach support two rotations, 0, and ), are possible. One method of obtaining the influence
lines is 1o carry out the analysis of the structwe tor a number of Joading cases with a unit
vertical load at various positions. Each loading case gives one ordinate tor cach intluence line
required. This method iy satusfactory when a computer is used as litde additional ettort in
programming is required i addition to that necessary for the dead-load analvsis.

Another method of obtamimg the influence Imes. and one which required less computer
tumes s by the use of the Muller-Breslau principle. as discussed below

We arrange the suffness matrix of the end inosuch o way thar the clements

1

corresponding to the vertical detlection occupy the tirst rows and the first
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Fig.6-12. Determination of the influence line for the bending moment at section n of a
grid. (a) Grid plan. (b) Restraining forces corresponding to a unit angular discontinuity
at n without joint displacements. (¢) Restraining forces corresponding to a unit angular
discontinuity at n with the vertical displacements prevented at the joints.

columns. Let us then partition the matrix as follows

[S]=|----------- | (6-9)

For the grid in Fig. 6-12a, the order of {8} is 32 x 32, and that of [A ] 1s 12 x 12,
Assume that we require the influence line for the bending moment M, at section n. just to the
left of H. We induce a rotation at the end T of member. TG i the vertical plane. as shown in
the elevation of girder FJom Fig. 6-120. The forees required to hold the structure in this
configuration are two couples and two vertical forces shown in the figure, with no forees at all
the other joints. If these forces are now released. the grid will deform maintaning a unit
angular discontinuity at I between the members HG and I The vertical deflections of the

grid are therefore the ordinates of the required influence line.
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The deflections can be obtained by the equation

’ (6-10)

where the elements of {D;! and (D)} are respectively the vertical deflections and rotations at
the joints. The elements of I} are all zero except for the clements corresponding to the
vertical forces of 6EI/7 at G and - 6EI/2 at H. Similarly. the elements of {F>lare all zero
except for the elements corresponding to the couples in the vertical planc of 2E1l// at (G and
4EU/ at H.

We want to solve Eq.6-10 in order 10 obtain {D}. whose elements are the ordinates of
the influence line. Using Sec. A-7 of Appendix A, we can write

(D} = {4 ]~ (400 A (VR = (40014, T (A (6-11)

The matrix in the large square brackets in the above equation is the stiffness matrix of
the grid corresponding to a system ol vertical coordinates at the joints. The vector in the large
braces in the same equation represents the forces along the vertical coordinates if the joints are
allowed to rotate with the vertical displacement restrained.

Equation 6.11 gives the ordinates of the influence line at the nodes. If ordinates at
points between the joints are required, the end-moments have to be determined first and the
deflections from the straight lines joining the member ends are then determined by Eq. 6.5, The
Jjoint rotations {Dy}required to tind the end-moments can be obtained [rom (sce Sec. A-7 of
Appendix A),

{/)3: = "| 1‘133 l I{{/"g Pt I“'ltzl HU|}:' (6-12)

[f the torsional rigidity of the members is ignored. and the beams of the grid are equally
spaced in each of the x and z directions., the stiffness matrix [S] corresponding to a system of
vertical coordinates at the joints can be casily obtained by the use of Appendix E. For the grid
in Fig. 6-12a. this matrix is of the order 12 x 12, To find the ordinates of the influence line M,
a unit rotation is introduced as in Fig. 6-12b. then. the joints F.G, H, 1. and J ar allowed to
rotate in the vertical plane without vertical displacement, and the corresponding restraining
forces {F} are determined (Fig.6.12¢). This may be conveniently done by moment distribution
with the girder FJ treated as a continuous beam.

The deflections at the joints are determined by [S] {D} = -{I'}. For the grid in Fig. 6-
12a, the clements of {D} are the mnfluence ordinates at the 12 intermediate joints, and the
elements of {F}are all zero except for the three forces at joints G, H., and I: Ordinates between
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the fomts it required. can be calenlated by g, 6-3. The end-moments needed for this equation

can be determined from the vertical detlections. using the tabulated moments in Appendix |

Example 6.2 Find the influence line for the bending moment at section n, just o the feft of
Jjoint C.in the grid of Fig. 6-13a. The main girders are encastre. The relative moment of inertia
1s 4 for all main girders and 1 for the cross-girders. The ratio of the torsional rigidity GJ to the
flexural ngidity ELis 14 for all members.

Figure 6.13b shows the coordinate system chosen. with three coordinates at cach joint.

Fhe stiffness matrix for the grid is partitioned in the following manner:

1 1
!"lwl : ll l
(9> 9) v 18)
[§] 5 =mme e e ~
SRR
(I8 x9) (18 x 1K)
Maoment of iertig ol NMoment of merta of
maigirders 4/ Crossepirders o/

N A

3; b
\ LN
Jl:k \\ . b
\ R
R
| t / } s~—t 1—
{a)
4 ! !
I o R
: f t

I - r—— .
T ) k
;. I .
b S e . ee é
Coordinates 1o 90 are vertical downwards
Coordmadtes 1010 27 represeat rotdtion of
darght handed serew progressing m the

directions ot the deuble headed arrons

(h

.

- <. \n
e r r;"lk”"' ﬁ ) FE
' 1

cedf sl

(cy

Fig. 6-13. Analysis of the grid of Example 6-2. (a) Grid plan. (b) Coordinate
system. (¢) Restraining forces corresponding to a unit angular discontinuity at

n without joint displacements.
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The order of each submatrix in this equation is indicated in brackets. The submatrices can be

casily written with little caleulation, and are given below. The matrices |Ay] and [Axn] are
symmetrical, and [A 2] = [Ay ]

] 2 3 1 3 6 7 8
1] 192 symmetrical _
20 <48 192
N A8 192
4| 296 288 Il
[Anl=" 5 96 48 288 3
6 96 -48 288
A A L 192
8 | Element not E -96 -48 E 192
9 | shown are zero : ~96 | -48 192
101 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
1 24 24 24 o]
2 -24 24 24 24
3 -24 24 24
4| -24 24 24
[Anl=lAn)' =5 -24 -24 24 24
6 -24 =24 24
7iElement not 24 -24 24
8|shown are zero 24 24 -24 24
9 224 -24 24
1O P 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
1010 N
L] 323
121-1 10
13 8 325
14 -1 ]
I3 & 325
16 4 18
170 -0.5 33 L
[An] 18 4 y 1 !
19 -0.3 8 13
20 4 -1 18
2 (0.3 3 AR
22 < 10
23 0.3 RIAIN
24 4 I 10
25| Element not shown -0.3 8 325
26| are zero 8! -1 10
27 -0.5 8 32.5 ]
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The restraining forces corresponding to a unit angular discontinuity at n without joint
displacements are shown in Fig. 6-13c¢.
The submatrices {F} and {F:} in Liq. 6-10 are (see the restraining forces in Fig. 6.13c¢):

El
{F}}=-7;—{24,—-24.0*0,0,030.0JH

Ll

ey = /— VOB OO and zero for all the other elements!

Substituting in Eqg. 6-11, we obtain
(D)} = 1077 62,350, 66. 54, 140, 51,10, 10. 8}

The elements of {D)} are the ordinates of the influence line for the bending moment M,
at section n. These ordinates are plotted on an elevation of the main girders in Fig. 6.14.

§A

gk

x ’ Al N (o]
e 24

6! 1) A

Multiplier : 107/

Fig. 6.14  Influence line for the bending moment M, at section n of the grid in

Fxample 6.2

The rotations {D;! obtained by 1'g.6-12 are
{0y} = 1()"'1{—35. 34,2384 -4 88.-40 - 140.-58.1006.-331 - 10.-04-101.-102.10.-199.-2.-99 -9}

Fhese rotations are used when influence ordinates between the joints are required.
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Example 6.3 Neglecunge the torsional mosdinn of the girders, tind for the mterconnected
bridge system of Fig, 6-130 the mtluence Jmes for the tollosiny achions

ta) bending moment at the conter of girder AB

{b) bending moment at the center of girder CD

(¢) bending moment i the cross-girder at |

{d) reacbon R at support €

Fhe mam girders are simphy-supported and have a moment of mertia of 41 where 1is
the moment of inertia of the cross-girder,

Fhe stiffness matrix of the gird corresponding to vertical downward coordinates at N, 1

K. and L (Fig. 6-15b) can be caleulated from the values

Moment of wertia of Momen o inertis of
main gyders = 4/ crossquder = |
A N A n g
AN O e e e
N -1 ; —
c \ 16 c J o
[ T - - 1~ [ SEURED——— _-5 S -
£ \ "6 4 E » ¢
[FSNDUNOEN KNS U 1 - o —3—9- - ——o
3 |
G ¢ 2 G Pl
o i oo ot i
¢
n } "2 '
1 “! Cootdinates | 10 4 are veriial dowrmw i
{a} h

f——— [75 R Sy} -

S
A/TZ’\N ....:
4

End ___N‘ ’\i'A

OF "y EEREE)

FEM's YR
i2 012 Mol £
e

Fig. 6-15, Analysis of the torsionless grid in Example 6-3. (a) Grid plan.(b) Coordinate
system. (¢) Calculation of the restraining force F; corresponding to a unit angular

discontinuity in main girder at N, with no displacements along the coordinate

tabulated in Appendix [0 We obtain

TOs3T0 symmetrical
: V277700 22050
[ST= -1 .., X S ; {a)
J SI84 -IRE4d 220306 i

-804 S84 -T777.0 5370

‘
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To find the influence lme of the bending moment at the center of girder AB. we
introduce 4 unit angular discontinuity just to the left (or right) of jomnt N (Fig. 6-15¢) with the
vertical joint displacements prevented. The  end-moment Mna corresponding  to  this
configuration is

shdly L H
702 ;
Moment distribution for the heam ANB is carred out in Fig. 0-13¢. und the restrainimng toree b
required to prevent the deflection at N is caleulated
£l
;

Foo- 4y

Itis obvious that no forces are required at the other three coordinates {hus the matris

V= 4800, 0008

The force Iy can also be found by the use of the reactions tabulated in Appendix E, the
procedure being as follows.

In order to reach the configuration of Fig. 6.16x we can proceed in two steps. First, we
introduce a unit angular-discontinuity by allowmg the lett-hand end of the beam 1o litt by a
distance /2, as shown in Fig. 6.16b: no forces are involved. In the second step. the support A
is brought back to its original level by a vertical downward force at A without a change in the
angle between the ends of the members mecting at N. The value of the reaction at N due 1o a

unit downward displacement of support A is (from Appendix E) 31 (41)/( / 2y

A
L L I - U :
7 , ki % i ,;};‘
'
) v
N

N o
r Muitegimee é/
17
’l
“5786 ~- 12986 ~86 4 .14 4

Fig. 6-16, Analysis of members of the torsionless grid in Example 6-3. (a) Unit angular
discontinuity at N with the vertical deflection restrained by the force Fy, (b) Unit angular
discontinuity introduced at N_ without restraining forces. (¢) Determination of the
restraining forces corresponding to a unit angular discontinuity in the cross-girder at J

by use of tabulated values in Appendix E.
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upward. Therefore the value of the restraining force 1s Fy, = -48([ W ), which 1s the reaction at
N corresponding to a downward displacement ot //2 at A.

Similarly. to find the influence line for the bending moment at the center of CD. we
troduce a unit rotation at the end J of JC. The corresponding restraining forces are

[/

For the influence line for the bending moment in the cross-girder at section J, a unit
angular discontinuity is introduced at this point, as shown in Fig. 6-16¢, causing the lifting of
end N by a distance /6. The forces at N, J, K and L required to bring joint N to its original
position, determined from Appendix E. are

L E
{Fj.:.lﬁ)ilﬁ@-woo 86.4,-14.4}

For the influence line of the reaction R¢. a unit downward displacement is introduced
at C. The restraining force at J is taken from Appendix L. and the other restraining forces are
zero. Theretfore

(= j‘] 0.-96,0.0}

The influence ordinates for each of the four effects are summarized in the equation
[ -48 0 376 0
Q¢
e El 0-48-120.6- —
[5][[)12“7:‘ / )
0 0 86.4

0 0 -144 0

where [S] s the stiffness matrix in Eq. (a). The solution of Ey. (b) gives

0.194/  0.082/ —-0.038 0.164

L 00820 0097/ 0035/ 0.194
D]
!
|

The influence tines tor the four actions are plotted in Fig. 6-17. They include ordinates
between joints. and as an example of caleulation of such ordinates. the computation for AN is

given below tor the influence line for
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Fig. 6-17. Influence lines for the grid in Example 6-3. (a) Influence line for bending
moment in main girder at center of AB, multiplier = [ / 1000. (b)Influence line for
bending moment in main girder at center of CD, multiplier = // 1000. (¢) Influence line
for bending moment in cross-girder at joint J, multiplier = // 1000.(d) Influence line for

reaction at C, multiplier = // 1000

the bending moment in Fig. 0-17a. The end-moment at N of member AN corresponding to the

deflected shape in Fig. 6-17a is

I3k 1

A= 12 U194 00 2,688

NS

Fhe first termin this equaton 1s the end-moment when the sertcal Joint displacements
are restrained. and the second term s the end-moment caused by the vertical displacement.
The bending moments caused by unit values of the vertical displacement are tabulated in
Appendix b The deflection measured trom the straight line between A and N can be calculated
by bq. 6-5 or by the use of Appendin L Therefure. the equation of the influence fine between A
and N s

N 094 e - 0008 (e - ;;:)[

where £ = ( 2x0 ). and xis the distance from A o the desired pointon AN,
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6.8 Influence Lines for Arches and Trusses

6.8.1 General Superposition Fquation

The concept of adding influence coetticients for statically determinate and statically
indeterminate cases i kg, 6.7 to obtain the mfluence coetficient for bending moment at a
section of a straight member will be extended now for any action in a statically indeterminate
structure.,

The influence coetticients for any action in a linearly elastic statically indeterminate
structure can be obtained by adding the influence coetficients for the same action in o released
structure and the influence coetticients for the redundants multiplied by the values of the action
due to unit values of the redundants. et p be the number of intluence coetticients 1o be
caleulated for any action of a structure statically indeterminate to the nth degree. I a umit point
load 1s applied at j. one of the p locations where the influence coefficients are required, the
influence cocefticient n, - A, is the value of the action in the statically indeterminate structure

determined by the superposition equation
Cr AL E L ALY (6.13)

where A, = n,, is the value of the action due to a unit load at j in a released structure. F, = ngy,
i1s the value of the ith redundant due to a unit load at j. and the clements of {A,} are the values
of the action considered due to unit values of the redundants on the released structure.

If the statically indeterminate structure is subjected to a unit load acting separately at
each of the p locations and Eq. 6-13 is applied. we obtain the tollowing equation of

superposition of influence coetticients:

{n}p\! = {T]\}p\ ot Hni‘l}

{ni-?}S“'g{nln:]p\n{/\u;n\l (6‘14)

in which the elements of the submatrices {ny, lare the p influence cocetticients of the redundants
Fy.

To use Eq. 6.14 the influence lines for the redundants must first be determined. These
can be obtained by an analvsis for p locations of the unit load. For cach position. the n
redundants are determined. thus giving one of the p ordinates ot the intluence line for each
redundant.

Influence lines tor the redundants can also be determined by direct application of
Muller-Breslau principle.

The use of B, 0-14 for arches and tusses will be considered i the following two

seclions.,
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6-9 Influence Lines for Arches

Influence tines are veny wsetul m the anabysis of arch bridges Here the Toad 1~ applicd
through vertical members supporting the deck (g 6-181 Tet us consider the influence lines
duc to w umt vertical load i any position I on CD Thas foad is wssumed o be transmitted to
the arch at I vertically below .

The fixed arch in Fig. 6-18a is statically indeterminate to the third degree. The simphy

supported arch in Fig. 6-18b is chosen as the released

Oecx
levet

(b}

Fig. 6-18 Fixed arch and a released structure. (a) Arch supporting a bridge deck.

(b) Statically determinate released structure.

structure with the clockwise end-moments My and My, and the inward horizontal torce H as
the redundants. The influence lines for the three redundants can be obtained by application of
Muller-Breslau principle. For the influence line for My an anticlockwise unit rotation is
introduced at end A: the resulting vertical displacements of the arch axis are the influence
ordinates. Similarlv. tor the influence line for Myy. we introduce @ unit anticlockwise unit
rotation at B, and for the influence line for H ow unit horizontal displacement is introduced
outwards at either A or 3

The bending moment M corresponding 1o these end displacement can be conveniently
obtamed by column analogy - and hencee the corresponding vertical detlection is caleulated. The
method of elastic weights may be used tor this purpose. This procedure ignores the effect of
axtal deformation of the arch. In extremely flat arches. however. the axial deformations may
have some effects and this can be included as a correction using the approximate method.

The steps outlined above tor finding the mfluence lines for the redundants are simple.
but writing general algebraic expressions tor the terms involved i the solution often leads to
imvolved mtegrals. Simple expressions can be obtained only for a symmetrical parabolic arch
in which the flexural rigidity Il is assumed to vary as the secant of the inclination, of the arch
axis, Fig 6-19a. The properties of the analogous column for such an arch are given in Appendix

J. The equations of the influence lines ot the three redundants in such an arch (Fig. 6-19b) are
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7, - (b wy {6-1%)
O34
/ .
b6 DU ’_‘4.1 A N (TR (O-10)
S
/ .
M = ots e (567 ~06 + 1) (6-17)
R

(919}

where & X 050 7 1s the span. and b is the tise. Tquations 6-15 and 6-16 are plotted m Figs. 6-

19¢ and d.

Fables of mtluence coefticients tor parabohic. aircular or sennelliptical prismatic and

nonprismatic arches are available

Phe mfluence hine tor the stress resaltant at any section of the arch in Fig, 6-19a can he

determined by Eg. 6-14. For example. 10 obtain the influence line of the bendimy

moment M at the crown. we first find the values of this action due o unit values of the

redundants on the released structure of' | e 6-19h PAuy 0 Ch - in whieh the

order ot the redundants is HLM o and Mo The mtluence hine 1. for the monent M, in

the released structure 1s formed by two strght segments (as for a simple beamy

o b ey foro o

(6.18)

~ o~

no= —tl+ey torg o I]

4

The influence ordinates nue are given by Eq. 6-14

!
Mo =17, *(~/”7W * '\-,]'W"" ’ -)//‘f,w !

The influence ordinates on the right-hand side of this cquation are given by Eg. 6-15.6-18.

shape of the influence ine for M( is shown in Fig 6-19.
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Fig 6-19 Influence lines for a parabolic arch with sccant variation of flexual rigidity. (a) Parabolic

arch with secant variation in El. (b) Positive direction of the redundands. (¢) Influence line for H.

(d) Influence line for M. (¢) lnfluence line for M. (f) Influence fine for V.



The influence line tor shear Vi at the crown can be obtained in a similar manner: its
shape is shown in Fig. 6-19

It can be easily shown that the horizontal thrust H due to a unitorm load w per unit
length of the horizontal projection of a parabolic arch. with any variation in EI and with hinged

or fixed supports. 1s

/»7
=4 (6-19)
8h

and that the bending moment and the  shear are zero at all scctions. Since the arca under an

influence line is equal to the value of the action considered due to a uniform load q =1 (sec Lq.
. N - . 0 .

6-3), it follows that the area under ny (Fig. 6-19¢) is 17/8h and the arca is zero under the other

three influence lines in Fig 6-19.
6.10  Influence Lines for Trusses

Influence lines for the reactions or forces in the members of pin-connected trusses can
be obtained by solving for several cases with the unit load at different joints. The influence
lines can also be obtained from LEq. 6-14, which applies to any linearly elastic structure. To use
this equation, we need the influence line lor a statically determinate released truss. the
influence lines for the redundants. and the values of the action due to unit values of the

redundants. The procedure is illustrated by the following example.

Example 6-4 Find the influence line for the reaction at B and the forces in the members
labeled 7y and 7> in the truss of Fig. 6-20a. The unit load can act at the nodes of the fower
chord only. All the members are assumed to have the same value of 77 abL 7 being the length.,
and a the cross-sectional arca of the members.

A released structure is shown i Fig 6-20b i which the redundants I and 5 are taken
as the forces in members 7y and 7, respectively. The intluence ordinates 1, for the values of
the required actions in the released structure are plotted in Figs. 6-20c¢. d, and ¢. These can be
casily checked by simple statices.

According to Muller-Breslau prineiple. the mfluence line for 1Y) can be obtained by
cutting the member 7 and applving equal and opposite forces (causing compression in 7.3) (o
the remaming truss. so as to produce a relative unit displacement at the cut section. Then the
detlected shape of the  bottom chord of the truss gives the influence Tine for . This s the
same as finding the deformanons i the actual structure due to a unit extension of member 7;.

such as that caused by a rise i temperature or o fack of fitm this member.
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Fig. 6-20 Analysis of the continuous truss of Example 6-4. (1) Continuous truss. (b)
Released structure and coordinate system. (¢) Influence line for Ry, in the released
structure. (d) Influence line for the force in Z) in the released structure. (¢)Influence line
for the force in Z» in the released structure. (f) Reactions and forces in members due to

l«‘]: 1.



exibility matrix of the released structure is

[ =~
[

I ’ ,
. 81 5 !
v " )

—

|7

I
~J

ements of this matrix can be casily cheeked by virtual work. For convenicence. the forees
members due to Iy = 1 are shown in Fig. 6-201 Making use of symmetry of the
e, the forees in members due to 19 1 can also be deduced from this figure.

A unitextension in member 7 produces the redundants 1. [0 given by Lig. 2-9

From this equation we can see that the redundants have the values Fy - =Sy and
Sar where Sy and 8oy are the elements of the first column of the stifthess matrix [S] of
eased structure. Similarly. the values of the redundants corresponding to a unit extension

we cqual o minus the elements in the second column of [S|. In the above example.

VA

s i

R —4()i/! i

Y3 37
he values of the redundinis | STEa 405 and o dasdas/, the forees in all the
2rs can be determined. The corresponding detlections at the joints 1. 2. -=——. 9 on the

1 chord give the influence ordinates ol the redundant Iy The influence line of the
lant 1 is plotted in Fig. 6-21a. Because the structure is ssmimetrical. the same ordinates
rsed order are the ordinates at the nine joints of the influence line tor I,

For the influence Hine of the reaction at Bowe use b, 0-14 1o determine the coordinates

omts 1,2 --- u:

I
t
i / i
N N N R T TR VIR R A (6-20)
I

sments of At are the reactions at Bducwo Iy Tand I 1 see Fig. 6-200)
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Fig 6-21 Influence lines for the continuous truss of Fig. 6-20 (Example 6-4). (a) Influence
line for redundant F; (force in member Z;). (b) Influence line for vertical reaction at B.

(¢) Influence line for foree in member 7. (d) Influence line for foree in member 7.



An upward reaction is considered positive. Nubstituting in 1:q. 6-14. we obtain the influence
ordinates for Ry,

(1.250 ( -0.167 0.000) ] (0.334

0.500 0371 -0.004 0.685

0.750 0.219 0007 0.858

0.750 02010 -0.1553 {-u.s ) 0.817

Iyl < 0.500 ) 0.2500 -0.250 0.562
0.250 0155 001 Iwa f 0.275

4] -0.007 -0.219 ' ’ -0.030

0 -0.004  -0.37) -0.091

Lo | 0.000 0167 | -0.042

The influence fine for Ry is plotted in g 0.2 1h The intlucnce lines lor the Jorees in
members 7 and 7o are determined by L. 6014 in the same way. and the results are plotied in

Figs 6-21¢ and d.





